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Abstract

The state vector equations for space axisymmetric problems of transversely isotropic piezoelectric media are es-
tablished from the basic equations. Using the Hankel transform, the state vector equations are reduced to a system of
ordinary differential equations. An analytical solution of the problems in the Hankel transform space is presented in the
form of the product of initial state vector and transfer matrix. The transfer matrices are given for the three distinct
eigenvalues. Applications of the solutions are discussed. An analytical solution for the transversely isotropic semi-
infinite piezoelectric media subjected to concerted point loads on the surface z = 0 is presented in the Hankel transform
space. Using transfer matrix and the continuity conditions at the layer interfaces, the general solution formulation of N-
layered transversely isotropic piezoelectric media is given. A selected set of numerical solutions is presented for a layered
semi-infinite piezoelectric solid. © 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Smart structures have been currently developed a new research field. Because piezoelectric materials
exhibit electromechanical coupling phenomenon, they have been widely used in the field of electroacoustics,
transducers and control of structure vibration, etc. Applications of piezoelectric materials have greatly
increased the development of theoretical research. The study of piezoelectricity has some important pro-
gress.

Chen (1993a,b) presented the fundamental solutions of anisotropic piezoelectric media using the three-
dimensional Fourier transform. Dunn (1994, 1996) gave an explicit fundamental solution for an infinite
transversely isotropic piezoelectric media. Rajapakse (1997) gave the fundamental solution of the plane
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problems for transversely isotropic piezoelectric media. Wang (1994, 1995) presented the general solutions
and the solution of half space problems for transversely isotropic piezoelectric media subjected to point
loads. Ding (1996, 1997) have systematically studied the general solution and the solution of half space
problems subjected to a point force and a point electric charge for transversely isotropic piezoelectric
media.

The state space method is an important method in analysis of multilayered structures (Bahar, 1972, 1975,
Bufler, 1971; Sosa and Castro, 1993; Chen et al., 1997; Benitez and Rosakis, 1987; Lee and Jiang, 1996;
Wang and Fang, 1999). In this paper, the state vector equations have been established for space axisym-
metric problems of transversely isotropic piezoelectric media in a system of cylindrical coordinates by
introducing the state vector. Using the Hankel integral transform, the state vector equations presented are
reduced to a set of the first order ordinary differential equations. Using the matrix method, the analytical
solutions for piezoelectric media of single layers are presented in the form of product of the state vector and
the transfer matrix. The transfer matrices are given for the three distinct eigenvalues. Applications of the
state vector solutions are discussed. An analytical solution for a semi-infinite piezoelectric medium sub-
jected to the vertical point force P, and point electric charge Q at the origin of the surface z = 0 is presented.
According to the continuity conditions at the layer interfaces, the general solution formulation for the space
axisymmetric problems of N-layered transversely isotropic piezoelectric media is discussed. The compu-
tational formulation is presented. A selected set of numerical solutions is presented for a layered semi-
infinite piezoelectric solid.

2. Basic equations

In the absence of body forces and free charges, the governing equations of three-dimensional piezo-
electricity can be written in compact form as follows:

(7,-”-:0, D,’A’i:O
0i; = Cijuer — ewjEx, D; = ejep + €iky (1)

&j = %(Mz:/ +uy), Ei=—¢,

where oy, &, D, u;, E; are the components, respectively, of stress, strain, electrical displacement, mechanical
displacement and electric field, ¢ is the electric potential function. Cjj, e, €;; are the elastic constants, the
piezoelectric constants and the dielectric constants, respectively.

A layered piezoelectric medium consists of horizontal layered, homogeneous and transversely isotropic
solids. Assume that the z-axis is perpendicular to the isotropic plane. In a system of cylindrical coordinate,
the governing equations of space axisymmetric problems are as follows:

(a) The governing field equations
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(b) The constitutive equations
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3. The state vector equations and its solutions

In Egs. (2) and (3) o,, 0y, 6., T, D,, D., u,, u., ¢ are coupled each other. The state vector equations are a
set of partial differential equations, which consist of describing physical phenomena in terms of the min-
imum possible number of variables. Towards this end, using the governing equations in a system of cy-
lindrical coordinates, o,, oy and D, are eliminated. Taking u,, u., 0., 7., D. and ¢ as the state variables, we
may obtain a set of partial differential equations as follows:
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Eq. (4) is a system of partial differential equations taking the state variables u., u,, 0., 7,., D. and ¢ as the
basic unknowns. Using the Hankel integral transform, Eq. (4) can be reduced to a set of ordinary differ-
ential equations. Using the following Hankel transform, we have
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(@ b @ Dz>=/0°°<uz 6. ¢ D.yo(er)dr
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The inversion of the Hankel transforms is as follows:
(oo ¢ D)= [ (@ o § DIk
0
(7)
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Substituting Eq. (6) into Eq. (4) and using the derivative relations of the Bessel function, we obtain a set of
ordinary differential equations in the Hankel transform space.
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— A(Q)(,2) ®)
in which

ﬁ(éﬂz) = [122 ﬁr 6-2 %zr ¢ Dz

0 7[71&5 b1633 0 0 b1€33
¢ 0 0 b, bre;sé 0
o 0o o0 ¢ 0 0
AD=10 b a0 0 bipe ®
0 —b1BE biess 0 0 —b1Cs3
0 0 0 —beisé —bl? 0

According to the theory of ordinary differential equations, the solution of Eq. (8) can be expressed in the
following form.

1(¢,2) = exp(z4(£))7 (¢, 0) (10)

where exp(z4(£)) is the transfer matrix between the initial state vector #(&,0) and the state vector (&, z) of
arbitrary depth z. According to the Cayley-Hamilton theorem (Bellman, 1970), we have

exp(z4(&)) = aol + a14 + a,A* + a3 A® + a,A* + asA (11)

in which ay, a1, aa, a3, a4, as are related to the eigenvalues 4 of the matrix A(&). The characteristic equations
of the matrix 4(&) can be expressed as follows:

all —bE 4P —dE =0 (12)
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d = Cyi(efs + €11Cu)
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The roots of Eq. (12) can be obtained in the analytical form. Assume that the characteristic roots of the
matrix 4(&) are equal to 4; (j=1,2,3), 44 = —4, s = —o, ¢ = —/; respectively. /; are related to
the elastic constants, the piezoelectric constants and the dielectric constants. The charateristic roots of
Eq.(12) satisfy Re[4;] > 0. ag, a1, a2, as, aa, as for the three cases of the characteristic roots are expressed as
follows:
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Using Egs. (9), (11), (15) and (16), the transfer matrix [G(&,z)] from the initial state vector 7(&,0) to the
state vector 7(&,z) of any depth can obtained.

1(&,2) = [G(&,2)1n (¢, 0) (17)

in which [G(&,z)] is 6 x 6 matrix.
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G = ap — bio&ay + b2b,E Pras, Gy = —bjoa & + By fiEas + bIb20, Eas,

Gy = —Gag, Gy = ag + b1byosE*ay + B3y, ay, Gy = —bis'a; — bibyfeEas,

Gy = —bis&ar — b%b2ﬂ6€5a47 Gy = —Gy, Gp = biséa; + b%bzﬁsf‘a,@ + bfbﬁﬁeééas,
Gsi = —b1pEay — biby i, ay, Gsy = —biféay — b2byf,Eay — bb30,Eas,

Goi = —bibyostay — bIb3yslas,  Ge = —bibrasEar — bibyysEau,

Gi3 = biensa; — bibyfoEas + biby0:E%as,  Giy = —bibyoiéay + bibyy, Eay,

Gy = —Gya, Goy = bra; + b1b2ﬁ4§2a3 + b%b§94546157 Gz = Gy,

Gy = —Cay — bibyuyEay — b%bg“/afsas, Gy = —Gya, Gy = G,

Gsy = biesay + b2byfyEas + b3b30: s, Gsy = —bibyuylar — bPb3y,Eay,

Ges = —bi1by,Eay + b3b2y,Eay, Ges = —brerséay — bib3fsEas — bib30sE0as,

G5 = Ggg, Gis = Gs3, Gys = — G, Gy = —Gsy, Gss = G, Gs3s = Gs,
Gys = —Gg, Gy = —Gsz, Gss = Ges, Gss = ay + bibroeEay + bibyyEias,
Gso = —b1Cs3a; — bfb2ﬁ8§2a3 - bfbif%;f“as, Ges = —bzkézal - b1b§ﬁ964a3 - b%b§9956615a (18)

in which o;, f3;, y;, 0; are referred to the Appendix A.

4. Applications of the state vector solutions
4.1. Semi-infinite piezoelectric solid

Eq. (17) represents the transfer relation between the initial state vector and the state vector of any depth.
Using Eq. (17), the solution of space axisymmetric problems of transversely isotropic piezoelectric media
can be obtained. In the following, semi-infinite piezoelectric solids subjected to axisymmetric point load and
point charge is considered. In this problem, there is

lim{o, o, 69 t, D, D, u, u ¢]—0 (19)

z—00

In Eq. (17), each element of the transfer matrix [G(¢,z)] included e~ and e*~. It is quite evident that e*~ is
not coincided with Eq. (19). So the terms included e** for each element in [G(¢,z)] must be deleted. The
modified transfer matrix [G*(¢,z)] is obtained. The transfer relation between the initial state vector and the
state vector of any depth for the semi-infinite piezoelectric media is as follows:

i(2.2) = [6° (&, 2)i (€, 0) (20)

For the semi-infinite piezoelectric media subjected to the mechanical and electric loads on the surface,
the state vector at z can be not obtained only using Eq. (20) because the state variables #.(&,0), @,.(&,0)
and ¢(£,0) are unknown. Using the boundary conditions of the surface z =0, the relations be-
tween the generalized displacements and generalized stresses can be obtained. According to Eq. (20), we
have
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Solving Eq. (21), the following relation can be obtained.
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In Eq. (25), p(¢) and g(&) are the expression of vertical and horizontal loads acting on the surface z = 0 in
the Hankel transform space @(¢) is the expression of charge acting on the surface z = 0 in the Hankel
transform space. Substituting Eq. (24) into (20), we obtain

i(6.2) = £ G'(& U1 (0 (26)

Eq. (26) gives the state vector solutions of the Hankel transform space for the semi-infinite piezoelectric
media subjected to axisymmetric loads and electric charge. Assume that the vertical point P and point
electric charge Q act on the surface z = 0, we have

7(E.2) = 1[G (8, 2)] 4]

7 (27)

0 Y4
Q9
2n
Substituting Eq. (27) into (7), the solution of the physical space for the semi-infinite piezoelectric media

subjected to the vertical point force P and the point electric charge Q on the surface z = 0 can be obtained.
For brevity, the explicit formulas are omitted in this paper.
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4.2. Layered piezoelectric solids

For N (N = 2) layered piezoelectric medium, continuous using Eq. (17) and considering continuity
conditions at the interfaces, the state vector at the interfaces can be eliminated. Assume that /; represents
the thickness of the ith layer, we have

ﬁ(f,hlv) = [GN(f,hN)] [GN—I(éahN—I)] T [Gl(f,hl)]ﬁ(fvo) = [T]ﬁ(f,O) (28)

where [T] = [Gy (&, hy)|[Gr-1(& hn-1)] - - - [G1(&, )] indicate the transfer matrices of each layer, respec-
tively. Eq. (28) describes the transfer relations between the state vector of the top surface and of the bottom
surface.

Using Eq. (28) and introducing boundary conditions, the state vector at z =0 and H can be obtained.
Assume that the stresses and the electric displacements at z = 0 and H are known. Rearranging Eq. (17), we

have
hy) Ty Tl a(é0) }
7 - 5. 29
hN)} [TZI Tzz}{o'(f,o) (29)
where 7;; is 3 x 3 submatrices. # is the component of displacements and electric potential. ¢ is the com-

ponent of stress and electric displacement. Solving Eq. (29), the components of displacements and electric
potential on the surface z = 0 can be expressed in the following form:

4(E,0) = =Ty Tn6(E,0) + Ty ' 6(E, hy) (30)

4.3. Layered semi-infinite piezoelectric solids
For N layered semi-infinite piezoelectric solid (Fig. 1), substituting Eq. (24) into (28), we obtain

(& hy) = STIA"IF(,0) = é TI7(£,0) (31)

¢
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| VA

Fig. 1. Layered half-space.
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in which [T*] = [T][4*] is a 6 x 3 matrix. The following relation is obtained from Eq. (31):

aEh) ) [T To Ta] [ 6:(60)
‘EZ)‘(§7 hy) ¢ = E Iy, T, T4 ‘Egr(§7 0) (32)
Dz(éahN) T(,*l ng ng Dz(é,())

Solving the above equation, we have
5.(¢,0) T Ty T (6 hw)
’Er(é70) = é TX] Tzrz T;j; ’Egr(é7hN) (33)
D.(¢&,0) Ty T Tg D-(&, hy)

Assume 6. (&, hy), T..(¢, hy) and 52(5, hy) on the top surface are known, the state vector on z =0 can be
obtained from Eqgs. (33) and (24). Because the state vector at z = 0 is known, the state vector of the in-
terfaces for N-layered piezoelectric media can be obtained using Eq. (17). Using Egs. (17), (3) and (7) and
constitutive equations, the stresses, displacements, electric displacements and electric potential function in
the field can be computed. The integral of the Bessel function can be computed using the subdomain Gauss
quadrature for the Hankel inversion transform.

5. Numerical example

Based on the above discussion and solution expression, computer program had been developed to
calculate the response of the layered pizoelectric solid. The subdomain Gauss quadrature is used in the
evaluation of semi-infinite integrals concerning the inverse Hankel integral transform. A three-layered
(N = 2) piezoelectric semi-infinite solid subjected to a circular uniform vertical load or charge is considered.
The properties of piezoelectric materials are given in Table 1. Two layered piezoelectric semi-infinite solid
with stacking sequences PZT-6B/PZT-4/PZT-6B (called P6/P4/P6) and PZT-4/PZ-6B/PZT-4 (called P4/P6/
P4) are investigated. The surface circular uniform load p = 1 N/m? and the surface circular uniform charge
QO =1 C/m are assumed. Radiusa=1m, #; =02 m, i, = 0.1 m.

Figs. 2 and 3 show, respectively, the variation of the electric displacement D, and the normal stress o,
along the z-axis due to a surface circular uniform charge on the top surface. Figs. 4 and 5 show, respec-
tively, the variation of the electric displacement D, and the normal stress g, along the z-axis due to a surface
circular uniform load on the top surface.

The following general features are observed from Figs. 2-5. The normal stress has been greatly influ-
enced by the stacking sequences and the electric displacement relatively small differences for the
same circular uniform charge. The electric displacement has been greatly influenced by the stacking se-
quences and the normal stress relatively small differences for the same circular uniform load. The decay of
the vertical stress and electric field with the depth is very rapid in the case of a vertical load and electric
charge.

Table 1
Coefficients of the piezoelectric materials (Cy; in 10! N/m? ¢;; in C/m?, ¢; in 10~° F/m)
Cyy Cs3 Cip Ci3 Cy ers €31 €33 €11 €33
PZT-4 13.9 11.5 7.78 7.43 2.56 12.7 —5.2 15.1 6.45 5.62

PZT-6B 16.8 16.3 6.0 6.0 2.71 4.6 —0.9 7.1 3.6 3.4
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Fig. 2. Variation of the electric displacement D, along the z-axis subjected to a surface charge on the top surface.
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Fig. 3. Variation of the normal stress o, along the z-axis subjected to a surface charge on the top surface.
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Fig. 4. Variation of the electric displacement D, along the z-axis subjected to a surface load on the top surface.
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Fig. 5. Variation of the normal stress o, along the z-axis subjected to a surface load on the top surface.

6. Conclusions

The state vector formulation for the axisymmetric piezoelectric solid is presented. A complete analytical
general solution for the multilayered axisymmetric piezoelectric solid is obtained in a compact form. The
derivation and solution presented in this paper are succinct and clear. These general solutions can be used
to derive closed form analytical solutions for concentrated point load and an electric charge. The present
solutions can be also used in the analysis of inclusions, cracks, defects, etc., related to smart compos-
ite structures. As compared with the classical method, the advantage of the present method is that the
number of unknowns is not related to the number of layers. The classical method need to solve a
(6N + 3) x (6N + 3) simultaneous linear equations and the present method only need to solve a 33 si-
multaneous linear equations at each inversion of the Hankel transform. From the view of computation, the
computational efficiency is raised by using the present method. Based on the present solution, the singular
solutions of a single and more layers piezoelectric medium can be obtained. Solutions for more complicated
load and electric charge distributions can be directly derived from the present solutions through an ap-
propriate substitution or integration.
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Appendix A
o = o + €33Cy + exnsers, o = oejs + ek, o3 = —aCyy +5 —e5f8
oy = e3Cay + p — Cszeys, os = sejs — Kk, o = KC33 — fes

2
b =" Cag — 015 + a2 B, By = oe33Cas + 000 + 0233
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/33 = —oe3Cay — o1 f + 2 C33, /34 = o3 — 01 Ca4 — c4ey5
fs = azers — ok, P = —0sCay + a3 — a5
B7 = sex3Cu + a3 — C305, Bs = PessCas + a4 + Cazo
By = asers + kg, pp =P+ PCas — Piers, 7y = Pres — Pk
73 = —30Cus + Bus — PsP, V4 = 03e3Cu + Puff — BsCss
s = Beers — B, 76 = —ei1sPy + kP
01 = —afCas + 15 — 12, 0 = Bress + 10+ €33y,
03 = B1e33Cas + 71 B — 12Cs3, 04 = 73+ 7,Cay — €157y, Os = ysers — pqK
O = —afsCas + 573 — P, 07 = e33fsCas + Bys — 75Cs

O3 = e337Cas + By4 + Cs3)s, Oy = ersys + Ky
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